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Abstract. The lattice Wess-Znmino model written in terms of the Ginsparg-Wilson relation is 
invariant nnder a generalized supersymmetry transformation which is determined by an iterative 
procedure in the conpling constant. By studying the associated Ward-Takahashi identity 
np to order we show that this lattice snpersymmetry automatically leads to restoration 
of continnum snpersymmetry without fine tuning. In particnlar, the scalar and fermion 
renormalization wave fnnctions coincide. 


1. Introduction 

The study of A = 1 Super Yang-Mills theory on the lattice has been implemented nsing Wilson 
fermions PP starting from a non-exact lattice supersymmetry. Thus, to recover the continuum 
supersymmetric theory a fine tuning is needed (see [Ij for review). To avoid this problem an 
exact formulation of supersymmetry on the lattice would be required. It would protect the 
theory from dangerous SUSY-violating radiative corrections terms and no fine tuning (see Refs. 
|31 for different approaches on exact formnlations of extended supersymmetries). 

In this report we explicitly show how supersymmetry is recovered in the continuum limit 
without fine tuning when starting from an exact supersymmetry of the lattice action. We prove 
this result H El in the special case of the 4-dimensional lattice N = 1 Wess-Zumino model 
introduced in Ref. E). 

To start, let us write down the lattice N = 1 Wess-Zumino model in terms of real components 
as Swz = So + Sint where 

^0 = E {lx{l - ^D,)-^D2X - liAD.A + BD,B) + ^F(l - ^D,)-^F + \g{1 - f ^i)-'g| 
Sint = E + m{FA + GB) + -^9X{A + il5B)x + -^g[F{A^ - R^) -h 2G(AR)]| (1) 


and A, R, R, G are the scalar and anxiliary fields while x is a Majorana fermion that satisfies 
the Majorana condition x = . G is the charge conjngation matrix that satisfies G'^ = —G 

and CCi = 1. Moreover, 


Ri = 


a 






= , ( 2 ) 
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where X = 1 — aDm [Jj . In terms of Di and D 2 the Ginsparg-Wilson relation i, 75 Z) + £>75 = 
aD'^^D (that may be regarded as a lattice form of the chiral symmetry [Sj and protects the 
fermion masses from additive renormalization) becomes, Di — D 2 = \Di and (1 — D 2 = 

— ^Di. In the continuum limit Swz reduces to the continuum N = 1 Wess-Zumino action. 

In Ref. [1] we showed that Swz is invariant under a generalized lattice supersymmetry 
transformation 


5A = ex = X£, = -iexbX = = £F)2X, = ieR>275X, 

5x = -D 2 {A - i 75 R)e - (F - i 75 G)e + gRe, (3) 


which contains a function R to be determined by imposing 6Swz = 0 order by order in g. 
Expanding R in powers of g, R = R^^^ + gR^^^ + • • •, we hnd R^^^ = ((1 — + m)~^AL 

with 


AL = -^[2{AD2A - BD 2 B) - D2{A^ - + 2^75 [{AD 2 B + BD 2 A) - D 2 {AB)] } 


(4) 


which explicitly shows the breaking of the Leibniz rule at finite lattice spacing. The function 
R can be summed up: its formal solution to all orders in g is [(1 — ^Di)~^D 2 + m + y/2g{A + 
i^^By\R = AL. Notice that i? — > 0 when a —> 0 since AL vanishes in this limit. 

This generalized supersymmetry transformation m satisfy a distorted algebra whose general 
expression for the commutator is given by [(Ii,(52]‘h = where = {A, B, F,G,x) and 

= —2e2X^^2- P/f are polynomials in defined as P^(‘^) = D2ij,^+0{g). We have verified 
(up to order g^) that the closure works, i.e. the action is invariant under the transformation 
$ —> Notice that in the continuum limit D 2 fj, —> and the transformation 

reduces to $ ^ 


2. Two-point Ward-Takahashi identity and the continuum limit 

Let us study the consequences of this exact generalized lattice supersymmetry. In order to 
do so, let us concentrate on some Ward-Takahashi identity (WTi). The WTi is derived 
from the generating functional J] = f P$exp —(Swz F Sj) where Sj is the source term 

Sj = L# • \yJA^ F Jb B + Jp F -|- Jg G + f?x| • Using the invariance of both, the 

Wess-Zumino action and the measure with respect to the lattice supersymmetry transformation, 
the WTi reads (J<i> • (5<h)j = 0. An interesting and non-trivial WTi is the one that relates the 
fermion and scalar two-point functions. Taking the derivative of (J^ • (5d>)j = 0 with respect to 
77 and Ja and setting to zero all the sources we have 


(XyXx) - {D2yz{Az - iXbBz)A^) - {{Fy - i-i^Gy)Aa,) + g(RyAz,) = 0. (5) 

This identity is trivially satisfied at tree level using the corresponding propagators: (AA) = 
(BB) = -M-i(l - fPi)-\ (PP) = (GG) = = -M-^(l - fPi)-^Pi, (AF) = 

(BG) = mM~^ and (yy) = ((1 — |Pi)“^P 2 + 'rn)~^ = —M.~^((l — |Pi)“^P 2 — where 
Jv[ = f Pi(l — -|-m^ . The next non-trivial order is g^ which corresponds to the one-loop 

corrections and can be written as [H] 

(x,Xx)^')-(P2,.(^.-i75P.)^x)(')-((Pj/-i75Gj,)A,)(2)+5(p(b7l^)(i)+52^7?(2)^^)(0) = 0. (6) 

Applying the Wick expansion to the first term we obtain 

(XyX.)^"^ = ^(XyXx E + n5P)x + F(A^ - p2) + 2GAB 


X(A -F i75P)x + F(A^ 


BF + 2GAB 


do) 


U 


X 


(7) 









Using the relations Tr(x75x) = 0 and Tr(xx) = ^{AF) = A{GB) we showed that the tadpole 
contributions cancel out. This property is general and will hold for the other terms in the WTi. 
Therefore, one is left with the connected non tadpoles diagrams (see hgCJ 

{XyXx)NT = ‘^9‘^^{{XyXz){XzXu){XuXx){AzAu) - {XyXzhbiXzXuhbiXuXx) • ( 8 ) 

uz 


-«75 


-275 


Figure 1. Feynman diagrams for the non-tadpole contributions to 
The non-tadpole contributions to the second term of the WTi are (see hgEI) 

{D2yz{Az - iX5Bz)Aa;)^^'lp = g‘^\^D2yz{AzAu) Tt^[^{XuXw){XwXu)) + 2{AuA^){FuFy,) 

+ 2{BuByj){GuGw) + 2{FuAii]){AuFw) + 2{BuGw){GuBw) {A^Ax) 

T D2yz{Az:Fu) {^Ay^Ayj) {^Ay^Ayj) F {BxtByj) {^BztByj) {^FyjAx) 

+ 2D2yz{AzFu) {AuAw){AuFyj) — {BuBw){BuGw) {AyjAx) 

+ 2D2yz{AzAu) {AuAxu){FuAxu) — {BuBxu){GuByj) (F^^Ax)'^ ■ (9) 


-r\- 


-T 


-U 


- ^w\aJ iW\^- 


--'wxy r\/\A.- - f tvwv- 


- -? |\A/\^ - 


Figure 2. Non-tadpole contributions to {D 2 {A — i'^^B)A)'A). 

The non-tadpole contributions to the third term of WTi are (see hgEJ 

{{Fy - ij5Gy)Ax)Pr^ = g‘^\^2{FyAu) ]^Ay[{xuXw){.XwXu)) + {FuF^){AuA^) 

+ {FuAw){AuFxu) + {GuGw){BuByj) + {BuGu]){GuBw) {AyjAx) 
+ {FyFu) {AuAyj){AuAxu) + {BuByj){BuBxu) {F^Ax) 

+ 2{FyAu) {FuAw){AuAxu) — {GuBxu){BuBw) (F^Ax) 

+ 2{FyFu) {AuAyj){AuFxo) — {BuByj){BuGxi]) {Au,Ax) 
X^{^yBw)Av ^75 {XwXu){XuXw}'^ (AuAx) j" . 


( 10 ) 
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Figure 3. Non-tadpole contributions to {{F — 


For the terms of the WTi involving R we find (see figlU) 

{Ry ~ 9{XX)yz X 1^2 + {AzA^)D2zu{-^uFw) D2zu{-^uFw) {AuA^ 

— {BzGw)D2zu{BuBw) — {BzB^)D2zu{BuGw) + D2zu{BuBw) {BuGw) {A^Ax) 


+ 


‘^{AzAxu) D2 zu{-‘'^uAij]) D2zu{AuAxu) l^A^Ay^') 

+ ‘^{BzBxu)D2zu{BuBxu) — D2zu{BuBy^) {BuBxu) (Fi„j42;)| . 


( 11 ) 


/ \ / \ 



Figure 4. Non-tadpole contributions to The blob denotes the insertion of the 

operator D 2 . 


The last term of WTi is (see figEI) 


= -V2{xx)yz{{Az + h5Bz){xx)zv.^L^Axf^ 

— “^^{XyXz} iXzXw) {-^z-^w} B2 wu{^u-^x} T {AiDAx)D2wu{AzAy^') D2wu{-^zAii){AuAx 

{XyXz)X5{XzXw)X5 {BzBxo) D2 'wu{AuAx) F {AxuAx)D2u}u{BzBu) D2'wu{BzBii) [A^Ax)'^'^ -(12) 


In order to verify Eq. it is convenient to work in the momentum space representation; 
then we can verify that Eq. is exactly satisfied at fixed lattice spacing [Sj. As a last point, 
let us study the limit a —> 0 of Eq. (jH)) and discuss how this Eq. looks like in the continuum 
limit, how continuum supersymmetry is restored and the role of the operator (RA). Following 
the notation of Ref. dn] the continuum limit of the fermion two point function reads [H] 


{xx)^‘^Kp) 


{if — m) {if — m) 
{p^ -|- w?) {p^ + w?) 


(13) 
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Figure 5. Non-tadpole contributions to (22^^) A) 


where 


C2 = 9^ 


d^k 


u'k sin2(7) 


(2vr)4 [(^ + 5 )/ +a!-i(^_5)']3 




2 / 


(14) 


and (72/ is a finite number while = auj{k/a} = 


l-4EuSm^(%) + 4( EuSin^(^) 




1/2 


and 




Eu2sin2(^) - 1 


For the scalar two point function we obtain 


D2{AA)^‘^\p) = ij) 


1 


1 (iCgm^-Cy) 


where 


C3 = g^ 
Cl = [ 


(p2 -|- j 7),2) (p2 _j_ ^2'j '' 2 

f d*k _K/_ 

/ (27r)<‘|(u,' + 60i + !!^(a.'-V)s]2 

d^k sin^(7) cos(fcp) 


(271)4 + + 

and (7i/ is a finite constant. A similar analysis applied as before gives 


+ Cif 


{FA)^^\p) = m- 


1 


1 


,1 


{i,C^ + Ci)p^ 


{p^ -|- m? ) (jA -|- m? ) ^ 2 
The continuum limit of the two point function containing the operator R are 




/ 2 1 21 7 2 I 21 (^2 rfCs^^^ 

[p^ + m^j [p^ + m^) 2 


(15) 

(16) 

(17) 

(18) 

(19) 


and 




1 


-iC2-Ci)p\ 


( 20 ) 

2^21 


(p^ -|- vn?) (p^ + m? 

The combinations C 2 — C 1 and C 2 — \C^ are two (different) finite numbers. Indeed, the log(a^m 
contributions cancels out in these combinations. 

Substituting all terms in Eq. m with the corresponding signs we have 






(p2 + m^) 


(p2 + m^) (p^ -|- rrF) ^ 2 


(^Tu^C'a-p^(7i) ^ 


(p2 -|- m^) 


m 1 ^ \ 2 1 

(p2 -|- m^) ^ 2 ^ ^ (p^ + m^) ' (p2 -|- im?) 


1 




(i/i - m) ^ ^2 1 

^(p2 + ^2)1^2 e.ijp (^2+^2) 


= 0 . 


( 21 ) 


Notice that the pieces coming from the term {RA) above are essential to satisfy the WTi. Thanks 
to the exactness of WTi it is always possible to write the two point function {RA) as a suitable 




























combination of the other three two point functions involved in this WTi. In particular, in the 
continuum limit one can write 


{RA) = "I "I + —9 + ^srri^] 


1 


m 




pZ _|_ 




p^ + p^ + m- 


:(^2 - <53 


1 


( 22 ) 

where Si = — C 2 — and S 2 = — Ci — ds, and the constant ds is arbitrary. Then in the 

continuum limit one can rewrite the WTi as the supersymmetric continuum WTi |Sj 


(xx)g^ - - {FA}^^^ = 0 


(23) 


with {xx)r = {AA^A = {AA)( 2 ) - ^ 4 f^{S 2 p‘^ + < 53 ^ 2 )^^ 

and (FA)^^'^ = {FA)^‘A -|— ^ (^2 — ^ 3)^2 It is convenient to express these two 

point functions in terms of the IPI vertex functions (just because we started from an off- 


shell formulation) (xx)^^^ = (^^)( 2 ) = + m 2 sg],)^ 


XX p^+m^ 

1 /''v(2) „2'^(2) m 

^\^AA P ^FFIpi+m^ • 




and 




{FA)^^'^ = 

(‘ 2 ') 

The lattice contribution to these IPI vertices in the continuum limit reads SW = i'pC 2 i 
~ and = —\Cz- Moreover, one has — S^) = —ZyAj)^ 

+ S 3 = -(^ - da) = Zr, with 

(24) 


-‘A A 

t(2) — 


^FF — 2 


-AAR = ^AA +p <^2 =P S3) = --^AP and S 


XX R 
(2) ^ -(2) 
FFR— ^FF 


,C3 


Z^ = Za = Zf = Ay - -^3) ■ 


In the formulation of Fujikawa (without the R), the two-point functions of A, F and x have 
the same logarithmic divergent parts m but they differ from different finite contributions. 
An important consequence of the exact lattice supersymmetry we have introduced is that 
automatically leads to restoration of supersymmetry in the continuum limit with equal 
renormalization wave function for the scalar and fermion fields. 
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